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Abstract. This paper studies Newtonian Sobolev-Lorentz spaces. We prove that 
psj i these spaces are Banach. We also study the global p, g-capacity and the p, q-modulus 

of families of rectifiable curves. Under some additional assumptions (that is, X carries 
. a doubling measure and a weak Poincare inequality), we show that when I < q < 

p the Lipschitz functions are dense in these spaces; moreover, in the same setting 
we show that the p, (/-capacity is Choquet provided that q > 1. We also provide a 
counterexample to the density result in the Euclidean setting when 1 < p < n and 
q = oo. 
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1. Introduction 

In this paper {X, d) is a complete metric space endowed with a nontrivial Borel 
regular measure /x. We assume that /i is finite and nonzero on nonempty bounded open 
sets. In particular, this implies that the measure is cr-finite. Further restrictions on 
the space X and on the measure will be imposed later. 

The Sobolev-Lorentz relative p, g-capacity was studied in the Euclidean setting by 
Costea [6] and Costea-Maz'ya [8]. The Sobolev p-capacity was studied by Maz'ya [24] 
lO ' and Heinonen-Kilpelainen-Martio [16] in R"^ and by Costea [7] and Kinnunen-Martio 

^ . [21] and [22] in metric spaces. The relative Sobolev p-capacity in metric spaces was 

\ introduced by J. Bjorn in [2] when studying the boundary continuity properties of 

\ quasiminimizers. 
O ■ After recalling the definition of p, g-Lorentz spaces in metric spaces, we study some 

useful property of the p, g-modulus of families of curves needed to give the notion of p, q- 
weak upper gradients. Then, following the approach of Shanmugalingam in [27] and 
[28] , we generalize the notion of Newtonian Sobolev spaces to the Lorentz setting. There 
^ ■ are several other definitions of Sobolev-type spaces in the metric setting when p = q; 

d ■ see Hajlasz [12], Heinonen-Koskela [17], Cheeger [4], and Franchi-Hajlasz-Koskela [11]. 

It has been shown that under reasonable hypotheses, the majority of these definitions 
yields the same space; see Franchi-Hajlasz-Koskela [11] and Shanmugalingam [27]. 

We prove that these spaces are Banach. In order to this, we develop a theory of 
Sobolev p, g-capacity. Some of the ideas used here when proving the properties of the 
p, g-capacity follow Kinnunen-Martio [21] and [22] and Costea [7]. We also use this 
theory to prove that, in the case 1 < g < p, Lipschitz functions are dense in the 
Newtonian Sobolev-Lorentz space if the space X carries a doubling measure /i and a 
weak (1, LP'')-Poincare inequality. Newtonian Banach-valued Sobolev-Lorentz spaces 
were studied by Podbrdsky in [26]. 

We prove that under certain restrictions (when 1 < g < p and the space {X, d) 
carries a doubling measure /i and a certain weak Poincare inequality) this capacity is 
a Choquet set function. 
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We recall the standard notation and definitions to be used throughout this paper. We 
denote by B{x, r) = {y E X : d{x, y) < r} the open ball with center x E X and radius 
r > 0, while B{x,r) = {y E X : d{x,y) < r} is the closed ball with center x E X and 
radius r > 0. For a positive number A, XB{a, r) — B{a, Xr) and XB(a, r) = B{a, Xr). 

Throughout this paper, C will denote a positive constant whose value is not nec- 
essarily the same at each occurrence; it may vary even within a line. C{a,b, . . .) is a 
constant that depends only on the parameters a,b, . . . . For E G X, the boundary, the 
closure, and the complement of E with respect to X will be denoted by dE, E, and 
X\E, respectively; diam E is the diameter of E with respect to the metric d. 



2. LORENTZ SPACES 



Let / : X — >■ [—00,00] be a //-measurable function. We define //[/], the distribution 
function of / as follows (see Bennett- Sharpley [1, Definition II. 1.1]): 

li[f](t)^l^({xeX:\f(x)\>t}), t>0. 

We define /*, the nonincreasing rearrangement of / by 

r{t) = mf{v:iJ[fiv)<t}, t>0. 

(See Bennett-Sharpley [1, Definition II. 1.5].) We note that / and /* have the same 
distribution function. For every positive a we have 

(i/r)* = (i/iT 

and if \g\ < \f \ /x-almost everywhere on X, then g* < /*. (See [1, Proposition II. 1.7].) 
We also define /**, the maximal function of /* by 

f**{t)^mf.{t)^U' f*{s)ds, t>0. 
t Jo 

(See [1, Definition II.3.1].) 
Throughout the paper, we denote by p' the Holder conjugate of p e [1, 00]. 

The Lorentz space U'''^{X, jj), l<p<oo, l<g'<oo, is defined as follows: 
LF''^{X,ii) ^{f : X ^ [-00,00] : / is //-measurable, < 00}, 

where 



p,q 



— < 



it'/^f*{t)y 



dt" 



1/? 



1 < g < 00, 



s^xpt^ly^{tf/P = sups^/*'/*(s), g = 00. 

k t>0 s>0 



(See Bcnnctt-Sharpley [1, Definition IV.4.1] and Stein-Weiss [29, p. 191].) 

If 1 < g < p, then || ■ \ \lp-i(x,h) represents a norm, but for p < g < 00 it represents a 
quasinorm, equivalent to the norm || ■ \ \L(v,q)[x,ii)-i where 

it'/^f**{t)rjj , l<g<oo. 



LiP'i){X,u.) 



supiVP/-(i), 

k t>0 
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g = 00. 



(See [1, Definition IV.4.4].) Namely, from [1, Lemma IV.4.5] we have that 



for every q E [1, oo] and every /x- measurable function / : X ^ [— oo, oo]. 

It is known that (L^'^(X, /x), || • \ \lp'1{x,ij,)) is a Banach space for 1 < g < p, while 
{IJ'''^{X, ii), II • I |L(p,q)(x.^)) is a Banach space for 1 < p < oo, 1 < q < oo. In addition, 
if the measure n is nonatomic, the aforementioned Banach spaces are reflexive when 
1 < g < oo. (See Hunt [18, p. 259-262] and Bennett-Sharpley [1, Theorem IV.4.7 
and Corollaries 1.4.3 and IV.4.8].) (A measure /i is called nonatomic if for every 
measurable set A of positive measure there exists a measurable set 5 C A such that 



Definition 2.1. (See [1, Definition 1.3.1].) Let 1 < p < oo and 1 < q < oo. Let 
Y — i/'^(X, n). A function / in F is said to have absolutely continuous norm in Y if 
and only if \ \fxEk | |y — >■ for every sequence of /x- measurable sets satisfying Ek ^ $ 
//-almost everywhere. 

Let Ya be the subspace of Y consisting of functions of absolutely continuous norm 
and let Yj, be the closure in Y of the set of simple functions. It is known that Ya — Yf, 
whenever 1 < q < oo. (See Bennett-Sharpley [1, Theorem 1.3.13].) Moreover, since 
(X, /x) is a cr-finite measure space, we have Yf, = Y whenever 1 < g < oo. (See Hunt 
[18, p. 258-259].) 

We recall (sec Costea [6]) that in the Euclidean setting (that is, when fi = rrin is 
the n-dimensional Lebesgue measure and d is the Euclidean distance on R") we have 
Yaj^YiorY = LP'°^{X, rUn) whenever X is an open subset of M". Let X = B{0, 2)\{0}. 
As in Costea [6] we define u : X 



It is easy to see that u e U''°°{X, rrin) and moreover, 

|kXB(0,a)||LP.°°(X,m„) = | |ti| |LP.-(X,m„) = m„(S(0, 1))^^^ 

for every a > 0. This shows that u does not have absolutely continuous weak I^-norm 
and therefore I^'°°(X, m^) does not have absolutely continuous norm. 

Remark 2.2. It is also known (see [1, Proposition IV. 4. 2]) that for every p G (l,oo) 
and 1 < r < s < oo there exists a constant C(p, r, s) such that 



for all measurable functions / G L^'^{X, /i). In particular, the embedding LP''^{X, /i) 
LP^'{X,fi) holds. 

Remark 2.3. Via Bennett-Sharpley [1, Proposition 11.1.7 and Definition IV. 4.1] it is 
easy to see that for every p G (1, oo), q G [1, oo] and < a < min(p, q), we have 



< f,{B) < f,{A).) 



(1) 




(2) 



||/||lp.»(x,m) < C{p,r,s)\\f\\LP,r(^x,t,) 



\\f\\LP,i{X,tj,) — II/' 




for every nonnegative function / G i/'^(X, /x). 
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2.1. The subadditivity and superadditivity of the Lorentz quasinorms. We 

recall the known results and present new results concerning the superadditivity and 
the subadditivity of the Lorentz p, g-quasinorm. For the convenience of the reader, we 
will provide proofs for the new results and for some of the known results. 

The superadditivity of the Lorentz p, gr-norm in the case 1 < q < p was stated in 
Chung- Hunt- Kurtz [5, Lemma 2.5]. 

Proposition 2.4. (See [5, Lemma 2.5] Let {X,iJ,) be a measure space. Suppose that 

I < q < p. Let {Ei}i^i be a collection of pairwise disjoint /i-measurable subsets of X 
with Eq = iJi>iEi and let f e Then 

i>l 

A similar result concerning the superadditivity was obtained in Costea-Maz'ya [8, 
Proposition 2.4] for the case 1 < p < g < oo when X = Vt was an open set in M" and 

II was an arbitrary measure. That result is valid for a general measure space {X^^ii). 

Proposition 2.5. Let {X^jj) be a measure space. Suppose that 1 < p < q < oo. Let 

{Ei}i>i be a collection of pairwise disjoint ^-measurable subsets of X with Eq — Uj>i£'i 
and let f e Lp^i{X,i^). Then 

T.\\xeJ\\ 

i>l 

Proof. We mimic the proof of Proposition 2.4 from Costea-Maz'ya [8]. We replace fl 
with X. □ 

We have a similar result for the subadditivity of the Lorentz p, g-quasinorm. When 
1 < p < q < oo we obtain a result that generalizes Theorem 2.5 from Costea [6]. 

Proposition 2.6. Let {X,ii) be a measure space. Suppose that 1 < p < q < oo. 
Suppose fi,i — 1,2, .. . is a sequence of functions in LP''^{X, /i) and let /o = supj>]^ 
Then 

CO 

\\fo\\LP-i{X,tj.) — ^\\fi\\LP-i{X,ij.)- 
i=l 

Proof. Without loss of generality we can assume that all the functions fi,i = 1,2,... 
are nonnegative. We have to consider two cases, depending on whether p < g < oo or 
q — oo. 

Let ii[f.] be the distribution function of /j for i = 0, 1, 2, . . . . It is easy to see that 

oo 

(3) (s) < J2 mi («) for every s > 0. 

i=l 

Suppose that p < q < oo. We have (see Kauhanen-Koskela-Maly [20, Proposition 
2.1]) 

P 
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for i = 0, 1, 2, . . . . Prom this and (3) we obtain 

£ £ 

— ^\\fi\\LP-i{a,ij,)- 

i>l 

Now, suppose that q — oo. Prom (3) we obtain 

s^l^mis) < J2{sP iiif^]{s)) for every s > 0, 
i>i 

which imphes 

(5) sP (s) < J2 I l/i I Ilp.oo(x,m) for every s > 0. 

i>i 

By taking the supremum over all s > in (5), we get the desired conclusion. This 
finishes the proof. 

□ 

We recall a few results concerning Lorentz spaces. 

Theorem 2.7. (See [6, Theorem 2.6].) Suppose 1 < p < q < oo and e G (0,1). Let 
/i, /2 e LP^^X, 11). We denote h^fi + /s- Then h e ^'^(^, lA o^rid 

\\h\\lv,<l{x,^L) ^ (1 ' ^)~^^\fl\\lv,<l{x,^l) + I/2I 

Proof. The proof of Theorem 2.6 from Costea [6] carries verbatim. We replace Vt with 
X. 

□ 

Theorem 2.7 has an useful corollary. 

Corollary 2.8. (See [6, Corollary 2.1].) Suppose 1 < p < 00 and 1 < g < 00. Let he 

a sequence of functions in ^^'^(X, yu) converging to f with respect to the p, q-quasinorm 
and pointwise fi-almost everywhere in X. Then 

^^]^\\fk\\LP^i{X,^) = ||/|Up.9(X,m)- 

Proof. The proof of Corollary 2.7 from Costea [6] carries verbatim. We replace Q with 
X. 

□ 

3. P,Q-MODULUS OF THE PATH FAMILY 

In this section, we establish some results about p, g-modulus of families of curves. 
Here (X, 0?, fi) is a metric measure space. We say that a curve 7 in X is rectifiable if 
it has finite length. Whenever 7 is rectifiable, we use the arc length parametrization 
7 : [0, £(7)] — >■ X, where £(7) is the length of the curve 7. 

Let Frect denote the family of all nonconstant rectifiable curves in X. It may well be 
that Frect — 0, but we will be interested in metric spaces for which Frect is sufficiently 
large. 
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Definition 3.1. For F C Fj-ect, let F{r) be the family of all Borel measurable functions 
p : X ^ [0, oo] such that 

p > 1 for every 7 e F. 



'7 

Now for each 1 < p < 00 and 1 < g < 00 we define 

Modp,,(F) - Jnf^^||p||^,.,(^^^). 

The number Modp_g(F) is called the p,q-modulus of the family F. 

3.1. Basic properties of the p,qf-modulus. Usually, a modulus is a monotone and 
subadditive set function. The following theorem will show, among other things, that 
this is true in the case of the p, g-modulus. 

Theorem 3.2. Suppose 1 < p < 00 and l<q< 00. The set function F Modp,5(F), 
F C Frcct? enjoys the following properties: 

(i) Modp,,(0) = 0. 

(ii) //Fi C F2, then Modp,,(Fi) < Modp,,(F2). 

(iii) Suppose 1 < q <p. Then 

00 00 

Mod,,,(U r,y/p < EMod,,,(F,)^/^ 



i=l 



(iv) Suppose p < q < 00. Then 



Modp,,(Ur,) <^Modp,,(F,). 

i=l i=l 

Proof (i) Modp,q(0) = because p = e F(0). 

(ii) If Fi C F2, then F(F2) C F(Fi) and hence Modp,g(Fi) < Modp,5(F2). 

(iii) Suppose that 1 < q < p. The case p = q corresponds to the p-modulus and the 
claim certainly holds in that case. (See for instance Hajlasz [13, Theorem 5.2 (3)].) So 

wc can look at the case 1 < q < p. 

We can assume without loss of generality that 

00 

5^Modp,,(F,)«/^'<oo. 

i=l 

Let £ > be fixed. Take pi G FiTi) such that 

\\Pi\\U^x,,)<^od,,,{r,y/^ + e2-\ 

Let p := {Y^iZi PiY^'^- We notice via Bennett-Sharpley [1, Proposition ILL? and Defi- 
nition IV.4.1] and Remark 2.3 applied with a — q that 

(6) Pf e L^'\X,p) and I |pf I l^f .i^^^^^ = \\P^\\lp,'^{x,^,)■ 

for every i = 1, 2, . . . . By using (6) and Remark 2.3 together with the definition of p 
and the fact that 1 1 • 1 1 p 1 is a norm when 1 < o < p, it follows that p e F(F) and 

00 00 

Mod,,,(F,)^/^ < \\p\\%.^x,,) < EllAlli.„(x,,) < EMod,,,(F,)^/^ + 2£. 

i=l i=l 

Letting e ^ 0, we complete the proof when I < q < p. 
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(iv) Suppose now that p < q < oo. We can assume without loss of generahty that 

oo 

^M0dp,g(ri) < OO. 

i=l 

Let £ > be fixed. Take pi e F{ri) such that 

Let p := supj>iPj. Then p e F{T). Moreover, from Proposition 2.6 it follows that 
p e LP'i{X,p) and 

oo oo 

Modp,,(r) < < E IIPilli-{x,M) < EModp,,(r,) + 2£. 

i=l i=l 

Letting £ ^ 0, we complete the proof when p < q < oo. 

□ 

So we proved that the modulus is a monotone function. Also, the shorter the curves, 
the larger the modulus. More precisely, we have: 

Lemma 3.3. Let ri,r2 C Fj-ect- If each curve 7 G Fi contains a subcurve that belongs 
to Fs, then Modp,q(Fi) < Modp,5(F2). 

Proof. F{r,) < F(Fi). 

□ 

The following theorem provides an useful characterization of path families that have 
p, Q'-modulus zero. 

Theorem 3.4. Let F C Frect. Then Modp,g(F) = if and only if there exists a Borel 
measurable function < p e IJ'''^{X, p) such that J^p — 00 for every 7 e F. 

Proof. Sufficiency. We notice that p/n & F{^) for every n and hence 

Modp,,(F) < Jim ||p/n||^,,,(^_^) = 0. 

Necessity. There exists pi G F(V) such that | |pi| |L{p,q)(x,/i) < and Pi > 1 for 
every 7 e F. Then p := J2'iZi Pi has the required properties. 

□ 

Corollary 3.5. Suppose 1 < p < 00 and I < q < 00 are given. If < g G LP''^{X,p) 
is Borel measurable, then f^g < 00 for p,q-almost every 7 G Frect- 

The following theorem is also important. 

Theorem 3.6. Let -Ufc : X — )■ M = [—00, 00] be a sequence of Borel functions which 
converge to a Borel function u : X ^ M. in LP''^{X,p). Then there is a subsequence 
{uk.)j such that 

I — u\ ^ {) as j ^ 00, 
for p, q-almost every curve 7 G Frect- 

Proof. We follow Hajlasz [13]. We take a subsequence {ukj)j such that 

(7) \\uk^ - u\\LP,i{x,fi) < 2"^-'. 
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Set Qj — \uk. — w|, and let V C Frect be the family of curves such that 

limsup / Qj > 

We want to show that Modp^g(r) = 0. Denote by Vj the family of curves in Frect for 
which j^Qj > 2~K Then 2^gj G F(Vj) and hence Modip^q(Vj) < 2~p^ as a consequence 
of (7). We notice that 

oo oo 
i=l j=i 

Thus 

oo oo 

Mod,,,(r)i/^ < ^Mod,,,(r,)^/^ < E2-^' = 2^-^ 

j=i j=i 

for every integer i > 1, which implies Modp,5(F) = 0. □ 
3.2. Upper gradient. 

Definition 3.7. Let u : X ^ [— oo, oo] be a Borel function. We say that a Borel 
function : X ^ [0, oo] is an upper gradient of u if for every rectifiable curve 7 
parametrized by arc length parametrization we have 

(8) K7(0))-M7W7)))|< / 9 

whenever both ^(7(0)) and ■u(7(£(7))) arc finite and J^g = 00 otherwise. We say that 
5f is a p, g-weak upper gradient of u if (8) holds on p, g-almost every curve 7 e Frect- 

The weak upper gradients were introduced in the case p = q hy Heinonen-Koskela 
in [17]. Sec also Hcinoncn [15] and Shanmugalingam [27] and [28]. 

If g is an upper gradient of u and g = g, /i- almost everywhere, is another nonnegative 
Borel function, then it might happen that g is not an upper gradient of u. However, 
we have the following result. 

Lemma 3.8. If g is ap, q-weak upper gradient ofu and g is another nonnegative Borel 
function such that g — g ^-almost everywhere, then g is a p, q-weak upper gradient of 
u. 

Proof. Let Fi C Fj-cct be the family of all nonconstant rectifiable curves 7 : [0, ^(7)] — )■ X 
for which \g — g\ > 0. The constant sequence (?„ = l^? — ^| converges to in LP''^{X, fi), 
so from Theorem 3.6 it follows that Modp_g(Fi) = and J^\g — g\ = for every 
nonconstant rectifiable curve 7 : [0,^(7)] — >■ X that is not in Fi. 

Let F2 C Frect be the family of all nonconstant rectifiable curves 7 : [0, £(7)] — >■ X 
for which the inequality 

\u{^{0)) - u{^{e{^m < [g 

is not satisfied. Then Modj,,<,(F2) = 0. Thus Modp,g(Fi U F2) = 0. For every 7 e F^ect 
not in Fi U F2 we have 

K7(0))-«(7(^(7)))l< 1 9 = [g- 

This finishes the proof. 

□ 
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The next result shows that p, g-weak upper gradients can be nicely approximated by 
upper gradients. The case p — q was proved by Koskela-MacManus [23]. 

Lemma 3.9. Ifg is ap, q-weak upper gradient ofu which is finite /j-almost everywhere, 
then for every e > there exists an upper gradient g^ of u such that 

ge> g everywhere on X and Wg^ - 5'||lp.9(x,m) < ^■ 

Proof. Let F C Frect be the family of all nonconstant rectifiable curves 7 : [0, ^(7)] — >■ X 
for which the inequality 

|«(7(0))-«(7(£(7)))| < fg 

is not satisfied. Then Modp q(F) = and hence, from Theorem 3.4 it follows that 
there exists < p G L^'''(X, yu) such that p = 00 for every 7 e F. Take g^ — 
g + £p/\\p\\lp'<i{x,h)- Then g^ is a nonnegative Borel function and 

H^m-uW{l)))\< I 9e 

for every curve 7 e Frect- This finishes the proof. 

□ 

If ^4 is a subset of X let F^ be the family of all curves in Frect that intersect A and let 
r\ be the family of all curves in Frect such that the Hausdorff one-dimensional measure 
?^i(|7| nA) is positive. Here and throughout the paper I7I is the image of the curve 7. 

The following lemma will be useful later in this paper. 

Lemma 3.10. Let Ui : X ^ i > 1, be a sequence of Borel functions such that g G 
L^'^(X) is a p, q-weak upper gradient for every Ui,i > 1. We define u{x) = \imi^^Ui{x) 
and E — {x & X : \u{x)\ — 00}. Suppose that fJ.{E) — and that u is well-defined 
outside E. Then g is a p, q-weak upper gradient for u. 

Proof. For every i > 1 we define Fi^j to be the set of all curves 7 G Frect for which 

hv.(7(0))-«,(7(%)))| < / g 

is not satisfied. Then Modp,g(Fi^j) = and hence Modp^y(Fi) = 0, where Fi = U^^Fi^j. 

Let Fo be the collection of all paths 7 G Frect such that J^g = 00. Then we have via 
Theorem 3.4 that Modp,g(Fo) = since g G U''''{X,p). 

Since p{E) = 0, it follows that Modp,g(F^) = 0. Indeed, 00 • G -F(F^) and 
||oo ■ = 0. Therefore Modp^g(Fo U F^, U Fi) = 0. 

For any path 7 in the family Frect \ (Fq U Fg U Fi), by the fact that the path is not in 
F^, there exists a point y in I7I such that y is not in E, that is 7/ G I7I and \u{y)\ < 00. 
For any point x & \^\, we have (since 7 is not in Fi j) 

\ui{x)\ - \ui{y)\ < \ui{x) -Ui{y)\ < g < 00. 

Therefore 

\ui{x)\ < \ui{y)\ + g. 

Taking limits on both sides and using the facts that \u{y)\ < 00 and that 7 is not in 
Fo U Fi, we see that 

lim \ui{x)\ < lim \ui{y) \ + g^ \u{y)\ + g < 00 
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and therefore x is not in E. Thus F^; C Fq U U Fi and Modp^5(r^) = 0. 

Next, let 7 be a path in F^cct \ U F^ U Fi). The above argument showed that 
does not intersect E. If we denote by x and y the endpoints of 7, we have 

\u(x) - u(y)\ = I lim Ui(x) - lim Ui{y)\ = lim \ui(x) - Ui(y)\ < / g. 
Therefore g is a. p, g-weak upper gradient for u as welL 



□ 



The following proposition shows how the upper gradients behave under a change of 
variable. 

Proposition 3.11. Let F : R ^ R be and let u : X ^ R be a Borel function. If 
g e IJ'''^{X,ii) is a p,q-weak upper gradient for u, then \F'{u)\g is a p,q-weak upper 
gradient for F on. 

Proof. Let Fq to be the set of all curves 7 e Frect for which 

|«(7(0))-«(7(%)))| < / g 



is not satisfied. Then Modp^g(Fo) = 0. Let Fi C F^ct be the collection of all curves 
having a subcurve in Fq. Then F{Tq) C -F(Fi) and hence Modp,q(Fi) < Modp,q(Fo) = 0. 

Let F2 be the set of curves 7 G Fj-ect for which f^g = 00. Then we have via Theorem 
3.4 that Modp,5(F2) = since g e U'^'i{X,jj). Thus Modp^q{Ti U F2) = 0. 

The claim will follow immediately after we show that 

(9) |(Fo«)(7(0))-(Fo«)(7(£(7)))| < fy{\F\u{^{s)))\ + e)g{^{s))ds. 

Jo 

for all curves 7 e Frect \ (Fi U F2) and for every e > 0. 

So fix e > and choose a curve 7 G Fj-cct \ U F2). Let i = ^(7). We notice 
immediately that m o 7 is uniformly continuous on [0, i] and F' is uniformly continuous 
on the compact interval I :— {uo 7)([0, i]). Let 6,5i > be chosen such that 

\{F'ouoj){t) - {F'ouoj){s)\ + \{uoj){t) - (mo7)(s)| < Si 

for all t, s G [0, i] with \t — s\ < 6 and such that 

\F'{u) - F'{v)\ < e for all u,v e I with |-u - i;| < 5i. 

Fix an integer n > 1/5 and put ii — {ii) /n,i — 0, . . . ,n — l. For every i — 0, . . . ,n — l 

we have 

|(F o K o 7) (£,+1) - (F o K o 7) {£,) I = \F'{t,,,+i))\ I (w o 7) (£,+1) - (k o 7) {£,) \ 



< 



where G := {u o 7)((£j, From the choice of 5 it follows that 

\{Fouo 7)(£,+i) -{Fouo 7)(£,)| < f'^\\F'{u{^{s)))\ + e) g{^{s)) ds, 

for every i = 0, . . . , n — 1. If we sum over i we obtain easily (9). This finishes the 
proof. □ 

As a direct consequence of Proposition 3.11, we have the following corollaries. 
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Corollary 3.12. Let r G (1, oo) be fixed. Suppose u : X ^ M is a bounded nonnegative 
B Orel function. If g E LP''^{X,ii) is ap,q-weak upper gradient of u, then ru^~^g is a 
p, q-weak upper gradient for . 

Proof. Let M > be such that < u{x) < M for all x E X. We apply Proposition 
3.11 to any function F : M ^ M satisfying F{t) = f ,Q <t < M. 

□ 

Corollary 3.13. Let r e (0, 1) be fixed. Suppose that u : X ^ is a nonnegative 
function that has a p, q-weak upper gradient g G L^'^(X, //). Then r{u + sY'^g is a 
p, q-weak upper gradient for {u-\- eY for all e > 0. 

Proof. Fix e > 0. We apply Proposition 3.11 to any function F : R — >■ R satisfying 

F{t) = r,e <t < oo. 

□ 

Corollary 3.14. Suppose 1 < q < p < oo. Let Ui,U2 be two nonnegative bounded 
real-valued functions defined on X. Suppose gi G IJ''''{X, /x), i = 1, 2 are p, q-weak upper 
gradients for Ui,i = 1,2. Then IJ'''^{X,fj,) 3 g :— {gf + g'l)^''* ^ p, q-weak upper 
gradient for u :— {u\ + w^)^^*- 

Proof. The claim is obvious when g = 1, so we assume without loss of generality that 
1 < q < p. We prove first that g G L^'^(X, /i). Indeed, via Remark 2.3 it is enough to 
show that g'i G Li'^(X,/x). But gi = g^ + gl and g1 G Li'^X,/^) since g^ G Lp^i{X,ii). 
(See Remark 2.3.) This, the fact that 11 ■ 11 £ , is a norm whenever 1 < q < p, and 

another appeal to Remark 2.3 yield g G L'p-'^{X, jj) with 

II nq ill ||9 

— \\9i\\lp-'J(X,^i) + \ \92\\LP-'J(X.f^)- 

For i = 1, 2 let Fj 1 be the family of nonconstant rectifiable curves in Fj-ect for which 

\ui{x) - Ui{x)\ < gi 

is not satisfied. Then Modp^g(Fj^i) = since g^ is a p, g-weak upper gradient for 
Ui,i = 1,2. 

Let Fj 2 be the family of nonconstant rectifiable curves in Fj-cct for which f^gi = 00. 
Then for i = 1,2 wc have Modp g(Fi 2) = via Theorem 3.4 because by hypothesis 
gi G LP'i{X,iJ,),i = 1,2. Let Fq = Fi,i U Fi,2 U F2,i U F2,2. Then Modp,,(Fo) = 0. 

Fix £ > 0. By applying Corollary 3.12 with r — q to the functions Ui for i — 1,2, 
we see that U'''^{X, jj) 3 q{ui + eY~^gi is a p, q-weak upper gradient of {ui + sY for 
i = 1,2. Thus via Holder's inequality it follows that is a p, 5- weak upper gradient 
for U^, where 

:= qiiu, + eY + + eYY'-'^^'{gl + glY^' and U, := (u, + eY + («2 + eY- 

We notice that Ge G LP''^{X,fi). Indeed, Ge = qU^'^^^'^g, with nonnegative a 
bounded and g G LP'1{X,i^), so G^ G LP'i{X,fi). 

Now we apply Corollary 3.13 with r — 1/q, u = and g = G^ to obtain that :— 
Ul/"^ has l/qU^^~'^^/'^Ge — g as a, p, q-weak upper gradient that belongs to U'''^{X, fj,). 
In fact, by looking at the proof of Proposition 3.11, we see that 



\ue{x) - Ue{y)\ < g 



11 



for every curve 7 G Frect that is not in Fq. Letting £ — >■ 0, we obtain the desired 
conclusion. This finishes the proof of the corollary. 

□ 

Lemma 3.15. Ifui,i = 1,2 are nonnegative real-valued Borel functions in L^''^(X, /i) 
with corresponding p,q-weak upper gradients Qi G LP'^(X, /x), then g := max(5(i,g(2) G 
IJ'''^{X, /i) is a p, q-weak upper gradient for u := max('Ui, U2) G LP''^{X, fj,). 

Proof. It is easy to see that u,g E L^''^ {X , /i) . For i = 1,2 let Fo,j C F^ect be the 
family of nonconstant rectifiable curves 7 for which f^gi — 00. Then we have via 
Theorem 3.4 that Modp,5(Fo,i) = because gi G Thus Modp,5(Fo) = 0, 

where Fq = Fo,i U Fo,2- 

For i = 1, 2 let Fj^i C Fj-ect be the family of curves 7 G Fj-ect \ Fq for which 

is not satisfied. Then Modp,g(Fi^j) = since gi is a p, g-weak upper gradient for ui, 
i = 1, 2. Thus Modp,g(Fi) = 6, where Fi = Fi,i U Fi,2. 
It is easy to see that 

(10) \u{x) - u{y)\ < max(|wi(x) - ui{y)\, \u2{x) - U2{y)\). 

On every curve 7 G Frect \ (ro U Fi) we have 

\ui{x) - Ui{y)\ < gi< g. 

This and (10) show that 

\u{x) -u{y)\ < g 
on every curve 7 G Frect \ (Fq U Fi). This finishes the proof. 

□ 

Lemma 3.16. Suppose g G L^'^(X, yu) is a p, q-weak upper gradient for < m G 
LP''^{X, fj,). Let \ > be fixed. Then u\ := m.m{u, A) G LP''^{X, fi) and g is a p, q-weak 
upper gradient for u\. 

Proof. Obviously Q < ux < u on X, so it follows via Bennett-Sharpley [1, Propo- 
sition 1.1.7] and Kauhanen-Koskela-Maly [20, Proposition 2.1] that u\ G U'''^{X,iJi) 
with I Ix^aI < ||ii||Lp.9(x,/n)- The second claim follows immediately since \u\{x) — 

u\{y)\ < \u{x) — u{y)\ for every x,y & X. 

□ 

4. Newtonian i/'^ spaces 

We denote by N^'^''''^{X, jj) the space of all Borel functions u G I^'*(X, jj) that have 
ap, g-weak upper gradient g G U'''^{X, /x). We note that N^'-'^^''' {X, jj) is a vector space, 
since if a, /3 G M and Ui,U2 G N^'^''''' {X, fi) with respective p, g-weak upper gradients 
91,92 G LP''^[X, n), then |q;|5Ii + \(3\g2 is a p, g-weak upper gradient of aui + (3u2. 

Definition 4.1. If is a function in N^'^''''' {X, /i), let 

MM _ J +inf9ll^|lip.,(x,M))^^^ ^<Q<P, 

[ +infg||^||ip.,(^,^)J , p<g<oo, 
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where the infimum is taken over all p, gr-integrable p, q-weak upper gradients of u. 
Similarly, let 

where the infimum is taken over all p, g-intcgrable p, g-weak upper gradients of u. 

If u,v are functions in N^'^''''' {X , fi) , let m ~ f if | |-u — f ||^i^p,g = 0. It is easy to see 
that ~ is an equivalence relation that partitions N^'^'''\X, fi) into equivalence classes. 
We define the space N^'^^''' (X, /i) as the quotient N^'^^''' (X, /i) /~ and 

||-u||^i,z,p.9 = ||-u||j^i_i^p,q and | |m| = | |m| | ~j_^(p,g) 

Remark 4.2. Via Lemma 3.9 and Corollary 2.8, it is easy to see that the infima in 
Definition 4.1 could as well be taken over all p, g'-integrable upper gradients of u. We 
also notice (see the discussion before Definition 2.1) that 1 1 • | |^i.l(p.<j) is a norm whenever 
1 < p < oo and 1 < g < cxo , while 1 1 ■ | l^yi-iP''' is a norm when 1 < q < p < oo. Moreover 
(see the discussion before Definition 2.1) 

ll-ullTVi.iP'' < ll'^lljvi.-t'P'''' ^ P'W'^Alm-i^^''' 
for every l<p<oo, l<g<oo and u G N^'-'^''''' {X , fj,). 

Definition 4.3. Let u : X [~oo, oo] be a given function. We say that 

(i) u is absolutely continuous along a rectifiable curve 7 if m o 7 is absolutely contin- 
uous on [0, ^(7)]. 

(ii) u is absolutely continuous on p, g-almost every curve (has ACCp^g property) if 
for p, g-almost every 7 e Fj-ect, uo^ is absolutely continuous. 

Proposition 4.4. Ifu is a function in N^'^^''' {X , n) , then Vj is ACCp^q. 

Proof. We follow Shanmugalingam [27]. By the definition of N^''"^''' {X, fj,), u has a 
p, g-weak upper gradient g e LP''^{X, /i). Let Fq be the collection of all curves in Frect 
for which 

K7(0))-«(7(^(7)))l< 



is not satisfied. Then by the definition of p, g-weak upper gradients, Modp^g(ro) = 
0. Let Fi be the collection of all curves in Frect that have a subcurve in Fq. Then 
Modp,,(Fi) < Modp,,(Fo) = 0. 

Let F2 be the collection of all curves in Frect such that J^g — 00. Then Modp^g(F2) = 
because g e LP'1{X, /i). Hence Modp,g(Fi U F2) = 0. If 7 is a curve in Frect \ (Fi U F2), 
then 7 has no subcurves in Fq, and hence 

\u{^m-u{^{a))\ < [\{j{t))dt, provided [a,P] C [0,%)]. 

J a 

This implies the absolute continuity of m o 7 as a consequence of the absolute continuity 
of the integral. Therefore u is absolutely continuous on every curve 7 in Frect \(FiUF2). 

□ 

Lemma 4.5. Suppose u is a function in N^'^^'"^ {X, jj) such that \ \u\\LP,g{x,ij) — 0. Then 
the family 

F = {7 e Frect '■ u{x) 7^ for some x e I7I} 

has zero p, q-modulus. 
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Proof. We follow Shanmugalingam [27]. Since | |m| = 0, the set E ~ {x & X : 
u{x) 7^ 0} has measure zero. With the notation introduced earlier, we have 

r = r^ = r+u(rB\r+). 

We can disregard the family F^, since 

Modp,g(r^) < ||oo ■ XE\\lp,^x,t.) = 0' 

where xe is the characteristic function of the set E. The curves 7 in r£;\r^ intersect E 
only on a set of linear measure zero, and hence with respect to the linear measure almost 
everywhere on 7 the function u is equal to zero. Since 7 also intersects E, it follows that 
u is not absolutely continuous on 7. By Proposition 4.4, we have Modp^q{rE \ F^) = 0, 
yielding Modp^g(r) = 0. This finishes the proof. 

□ 

Lemma 4.6. Let F be a closed subset of X. Suppose that u : X ^ [~oo, 00] is a 
Borel ACCp^q function that is constant ^-almost everywhere on F. If g E L^''^{X,iJ,) is 
a p, q-weak upper gradient of u, then gxx\F is a p, q-weak upper gradient of u. 

Proof. We can assume without loss of generality that u = /x-almost everywhere on 
F. Let E = {x E F : u{x) 7^ 0}. Then by assumption IJ,{E) = 0. Hence Modp^q{r~^) = 
because 00 ■ xe ^ F{^e)- 

Let To C Frect be the family of curves on which u is not absolutely continuous or on 
which 

|t.(7(0)) -1.(7(^(7))) I < / g 

is not satisfied. Then Modp_g(ro) = 0. Let Fi C Frect be the family of curves that have 
a subcurve in Fq. Then F(ro) C F(Fi) and thus Modp,g(Fi) < Modp^giFo) = 0. 

Let F2 C Frcct be the family of curves on which J^g — 00. Then via Theorem 3.4 we 

have Modp,g(F2) = because g G L^''^{X,fi). 

Let 7 : [0,^(7)] — )■ X be a curve in Fj-ect \ (ri U F2 U Fg) connecting x and y. We 
show that 

\u{x) -u{y) \ < / gxx\F 

for every such curve 7. 

The cases I7I C F\E and I7I C {X\F) U E are trivial. So is the case when both x 
and y are in F \ Let K :— {u o 7)~^({0}). Then X is a compact subset of [0, £(7)] 
because m o 7 is continuous on [0,£(7)]. Hence K contains its lower bound c and its 
upper bound d. Let Xi = 7(c) and yi = ^{d). 

Suppose that both x and y are in (X \F)U E. Then we see that [c,d] C (0, £(7)) 
and 7([0, c) U {d, £(7)]) <z{X\F)UE. 

Moreover, since 7 is not in Fi and u{xi) — u{yi), we have 

\u{x) - u{y) I < \u{x) - u{xi) I + \u{yi) - u{y) \< „ ...^ < 9Xx\f 

because the subcurves 7|[o,c] ^ind 7|[(i.^(7)] intersect F on a set of Hausdorff 1-measure 
zero. 

Suppose now by symmetry that x G {X \F)UE and y E F\E. This means in terms 
of our notation that c > and d = ^(7). We notice that 7([0, c)) C {X \ F) U E and 
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u{xi) — u{y) and thus 

\u{x) - u{y) \ = \u{x) - u{xi)\ < g < gxx\F 

because the subcurve 7|[o,c] intersect on a set of Hausdorff 1-measure zero. 
This finishes the proof of the lemma. 

□ 

Lemma 4.7. Assume that u G N^''^''''' {X , fj,) , and that g,h & U'''^{X,ii) are p,q-weak 
upper gradients of u. If F G X is a closed set, then 

P = 9Xf + hxx\F 
is a p, q-weak upper gradient of u as well. 

Proof. We follow Hajlasz [13]. Let Fi C Frect be the family of curves on which f^^{g + 
h) = oo. Then via Theorem 3.4 it follows that Modpg(Fi) — because g + h e 

Let F2 C Frect be the family of curves on which u is not absolutely continuous. Then 
via Proposition 4.4 we see that Modp_g(F2) = 0. 
Let F3 C Frect be the family of curves on which 

|m(7(0))-m(7(%)))| <min [j^9. j^h) 

is not satisfied. Let F3 C Fj-cct be the family of curves which contain subcurves be- 
longing to F3. Since F{r^) C -^'(Fs), we have Modp,5(F3) < Modp,5(F3) = 0. Now it 
remains to show that 

|«(7(0))-«(7(%)))| < j p 

for all 7 G Frcct\(riUF2UF3). If I7I C -F or I7I C X\F^ then the inequality is obvious. 
Thus we can assume that the image I7I has a nonempty intersection both with F and 
with X\F. 

The set 7"^(X \ F) is open and hence it consists of a countable (or finite) number of 
open and disjoint intervals. Assume without loss of generality that there are countably 
many such intervals. Denote these intervals by ((tj, Sj))^^. Let 7^ = 7i[tj,sj]. We have 

|ii(7(0))-«(7(%)))| < |«(7(0))-«(7(ti))| + |«(7(^i))-«(7(si))l 

+ \u{^{s,)) - u{^{im)\ < j g+ j K 

where 7 \ 71 denotes the two curves obtained from 7 by removing the interior part 
7i, that is the curves 'j\[o,ti] and 7|[si,6]- Similarly we can remove a larger number of 
subcurves of 7. This yields 

K7(0))-«(7(%)))l < / 9+1 h 

for each positive integer n. By applying Lebesgue dominated convergence theorem to 
the curve integral on 7, we obtain 

|ii(7(0)) -1^(7(^(7))) I < [ gxF+ [ hxx\F = / p. 

□ 
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Next we show that when 1 < p < oo and 1 < g < oo, every function u e 
jsj'hLP''' ^j^^ j^g^g 'smallest' p, g-weak upper gradient. For the case p — q see Kallunki- 
Shanmugalingam [19] and Shanmugalingam [28]. 

Theorem 4.8. Suppose that 1 < p < oo and I < q < oo. For every u G N^'^''''' {X , fi) , 
there exists the least p,q-weak upper gradient Qu G LP''^{X,fi) of u. It is smallest in 
the sense that if g & LP''^(X, /x) is another p,q- weak upper gradient of u, then g > gu 
^-almost everywhere. 

Proof. We follow Hajlasz [13]. Let m — inig \ \g\\Lp>i(x,ij.), where the infimum is taken 
over the set of all p, g'-weak upper gradients of u. It suffices to show that there exists a 
p, g-weak upper gradient gu of u such that | \gu\\Lv,i(x,pi) = f^- Indeed, if we suppose that 
g G LP''^{X, fi) is another p, g-weak upper gradient of u such that the set {g < g^} has 
positive measure, then by the inner regularity of the measure ii there exists a closed 
set F C {g < gu} such that iJi{F) > 0. Via Lemma 4.7 it follows that the function 
P '■— 9Xf + guXx\F is a p, g-weak upper gradient. Via Kauhanen-Koskela-Maly [20, 
Proposition 2.1] that would give | |p| < | Is'ul = in, in contradiction with 

the minimality of \\gu\\Lp.i{x,n)- 

Thus it remains to prove the existence of a p, g-weak upper gradient gu such that 
I \gu\\LP-i{x,ij,) — fn- Let (fi'i)^i be a sequence of p, g-weak upper gradients of u such that 
I Ifi'il |LP.9(x,fi) < rn + 2~*. We will show that it is possible to modify the sequence [gi) in 
such a way that we will obtain a new sequence of p, g-weak upper gradients (pj) of u 
satisfying 

I |pj| |LP''j(x,/t) < m + 2^~*, pi > P2 > P3 > • • • p-almost everywhere. 

The sequence (pi)^i will be defined by induction. We set pi = gi. Suppose the p, g- 
weak upper gradients pi,p2,... ,Pi have already been chosen. We will now define 
Pi+i. Since p, G IJ'''^{X, /i), the measure n is inner regular and the (p, g)-norm has the 
absolute continuity property whenever 1 < p < oo and 1 < g < oo (see the discussion 
after Definition 2.1), there exists a closed set F C {gi+i < Pi) such that 

\\PiX{gi+i<Pi}\F\\LP'i{X,ij,) < 2"*"\ 

Now we set p^+i = gi+iXF + PiXx\F- Then 

Pi+l < Pi and Pi+i < gi+lXFu{gi+i>pi} + PiX{gi+i<Pi}\F ■ 

Suppose first that 1 < g < p. Since || • \ \LP'1(x,^l) is a norm, we see that 

||Pi+l||LP.9(X,/i) < \\gi+lXF[j{g,+i>p,}\\LP'i{X,ii) + \ \PiX{g^+l<Pi}\F\\LP^1{X,p) 

< m + + 2-'-^ = m + 2-\ 
Suppose now that p < q < oo. Then we have via Proposition 2.6 

I I I |P <^ W IIP _L I I I |P 

IIPi+l|lLP,9(X,//) — llfi'i+lXFU{<y,+i>pi}|lLP,q(x,/i) + I IP«X{si+i<Pi}\F | 

< (m + 2-'-^Y + 2-^'('+^) < (m + 2"^. 

Thus, no matter what g G [1, oo) is, we showed that m < \\pi+i\\LP'i{x,ii) < rn + 2~*. 
The sequence of p, g-weak upper gradients (pi)i^i converges pointwise to a function p. 
The absolute continuity of the (p, g)-norm (see Bennett- Sharpley [1, Proposition 1.3.6] 
and the discussion after Definition 2.1) yields 

lim \ \pi - p\\lp.i{x,p) = 0. 
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Obviously | |p| |LP.9(x,/i) = f^- The proof will be finished as soon as we show that p is a 
p, g-weak upper gradient for u. 

By taking a subsequence if necessary, we can assume that \\pi — p\\lp'1{x,ij,) < 2~^* for 
every i > 1. 

Let Fi C Frect be the family of curves on which Jj{p + Pi) — oo for some i > 1. Then 
via Theorem 3.4 and the subadditivity of Modp^g(-)^/*' we see that Modp^g(Fi) = since 

p + Pi E LP''^{X, ji) for every i >1. 

For any integer i > 1 let F2,i C Fj-ect be the family of curves for which 

\u{^{Q))-uW{^)))\ < j Pi 

is not satisfied. Then Modp,g(F2,i) = because pi is a p, g-weak upper gradient for u. 

Let F2 = U,^iF2,.. 

Let F3 C Fj-cct be the family of curves for which limsupj_^^ |pj — p| > 0. Then it 
follows via Theorem 3.6 that Modp^g(F3) = 0. 

Let 7 be a curve in Frect \ (Li U F2 U F3). On any such curve we have (since 7 is not 
in F2,i) 

1^(7(0)) - ^(7(^(7))) I < \ Pi for every % > 1. 
By letting i 00, we obtain (since 7 is not in Fi U F3) 

|ii(7(0)) - ^(7(^(7))) I < lim / = / p < 00. 
This finishes the proof of the theorem. 

□ 

5. SOBOLEV p, g-CAPACITY 

In this section, we establish a general theory of the Sobolcv-Lorentz p, g-capacity 
in metric measure spaces. If (X, d, p) is a metric measure space, then the Sobolev 
p, g-capacity of a set C X is 

G8^Vp,q{E) = inf{||ii||^i,^p., : u e A{E)}, 

where 

A{E) ^{ue N^^^^'^X, p) : > 1 on E}. 
We call A{E) the set of admissible functions for E. If A{E) — 0, then Capp ^(£') = 00. 

Remark 5.1. It is easy to see that we can consider only admissible functions u for 
which < M < 1. Indeed, for u G A{E), let v := min(M+, 1), where u+ = max(?7,, 0). We 
notice that \v{x) — v{y)\ < \u{x) — u{y)\ for every x,y in X, which implies that every 
p, g-weak upper gradient for u is also a p, g-weak upper gradient for v. This implies 
that V e A{E) and | |v| Ijvi.iP-'' < ||M||]vi,i^''«- 

5.L Basic properties of the Sobolev p, g-capacity. A capacity is a monotone, 
subadditive set function. The following theorem expresses, among other things, that 
this is true for the Sobolev p, g-capacity. 

Theorem 5.2. Suppose that 1 < p < 00 and 1 < q < 00. Suppose that {X,d,p) is a 
complete metric measure space. The set function E i->- Capp g(£'), E G X, enjoys the 
following properties: 

(i) If El C E2, then Capj,,,(Ei) < Capp^giE^). 
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(ii) Suppose that /i is nonatomic. Suppose that 1 < q < p. If <Z E2 <Z . . . <Z E — 
U=i Ei C X, then 

Cap (E) = lim Cap (Ei). 

(iii) Suppose that p < q < 00. If E — \J°Zi Ei C X, then 



Cap^,,(£;)<^Cap,,^(£;,). 

1=1 

(iv) Suppose that I < q < p. If E ^ Uj=i Ei C X, then 

00 

cap,,,(£;)^/^<Ecap,,,(£;,)^/^- 

i=l 

Proof. Property (i) is an immediate consequence of the definition, 
(ii) Monotonicity yields 

L := lim Capp,,(£;0 < Cap^,,(£;). 

To prove the opposite inequality, we may assume without loss of generality that L < 00. 
The refiexivity of L^'^ (X, /x) (guaranteed by the nonatomicity of n whenever 1 < q < 
p < 00) will be used here in order to prove the opposite inequality. 

Let £ > be fixed. For every i = 1,2, . . . we choose Ui e A{Ei), < < 1 and a 
corresponding upper gradient gi such that 

(11) \K\\l.,L.. <C^Pp^^{E,y/P + e<L'^/P + e. 

Wc notice that Ui is a bounded sequence in N^'^^''' {X, /i). Hence there exists a subse- 
quence, which we denote again by Ui and functions u,g & U'''^{X, /x) such that ui ^ u 
weakly in U'''^{X, jj) and Qi ^ g weakly in U'''^{X, jj). It is easy to see that 

> /i-almost everywhere and g >Q //-almost everywhere. 

Indeed, since Ui converges weakly to u in LP^^iX, 11) which is the dual of Lp ■« {X, /i) 
(see Hunt [18, p. 262]), we have 

lim / Ui{x)(p{x) d^{x) = / u{x)(p{x) d^{x) 
i-s-oo Jx Jx 

for all (f e U'''''' {X, jj,). For nonnegative functions cp G U*' '''' {X , jj.) this yields 

0< lim / Ui(x)(p(x) dfjiix) — / u(x)(p(x) dfjiix), 

which easily implies u> //-almost everywhere on X. Similarly we have g >0 /^-almost 
everywhere on X. 

From the weak-* lower semicontinuity of the p, g-norm (see Bennett- Sharpley [1, 
Proposition II.4.2, Definition IV.4.1 and Theorem IV.4.3] and Hunt [18, p. 262]), it 
follows that 

(12) \\u\\LP.i(x,fi) < liminf and \ \g\\LP.i{x,f^) < hminf | l^ijl 

Using Mazur's lemma simultaneously for Ui and g^, we obtain sequences Vi with 
correspondent upper gradients gi such that Vi G A{Ei), Vi ^ u in U'''^{X,iJ,) and /*- 
almost everywhere and gi ^ g in U'''^{X, /i) and /(-almost everywhere. These sequences 
can be found in the following way. Let io be fixed. Since every subsequence of {ui,gi) 
converges to {u,g) weakly in the reflexive space L^'^(X, /x) x LP''^{X, fi), we may use 
the Mazur lemma (see Yosida [30, p. 120]) for the subsequence {ui,gi),i > iQ. 
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We obtain finite convex combinations and of the functions Ui and gi, i > io sts 
close as we want in LP'^(X, /i) to u and g respectively. For every i = iQ,iQ + 1, . . . we 
see that = 1 in D Ei^. The intersection of finitely many supersets of Ei^ contains 
Eifj. Therefore, equals 1 on Ei^. It is easy to see that gi^ is an upper gradient for Vi^. 
Passing to subsequences if necessary, we may assume that Vi converges to u pointwise 
//-almost everywhere, that gi converges to g pointwise //-almost everywhere and that 
for every i — 1,2, . . . we have 

(13) W'^i+l — Vi\\LP<<i{X,tJ,) + \ \gi+l — gi\\LP'i{X,ij,) < 2"\ 

Since Vi converges to u in /i) and pointwise /f-almost everywhere on X while 

gi converges to g in U'''^ {X , /i) and pointwise /t-almost everywhere on X it follows via 
Corollary 2.8 that 

(14) lim \ \vi\\LP,i{x,i^) = \ \u\\lp,i(x,ij,) and lim \ \gi\\Lp,i(x,ij,) = \ \g\\Lp,i(x,ij,)- 
This, (11) and (12) yield 

(15) + \\9\\lp,,{x,^^) = }}^\\vi\\%i,LP,^ < L'^^^ + e. 



For j — 1,2, . . . we set 



Wj = supvi and gj = supgfj. 

i>j i>j 



It is easy to sec that wj = 1 on E. We claim that gj is a p, ^-weak upper gradient for 
Wj. Indeed, for every k > j, let 

Wj^k = sup Vi. 

k>i>j 

Via Lemma 3.15 and finite induction, it follows easily that gj is a p, g-weak upper 
gradient for every wj^k whenever k > j. It is easy to sec that wj = limfe_^oo wj^k pointwise 
in X. This and Lemma 3.10 imply that gj is indeed a p, g-weak upper gradient for Wj. 
Moreover, 

oo k—l 

(16) Wj <Vj + J2 - 9j <9j + Yl \9i+i - 9i\ 

i=j i=j 

Thus 

oo 

\\wj\\LP'<!{x,ix) < \\vj\\Lp.<i{x,ix) + X] ~ '"i\\LP'<i{x,ij.) < ||vj||Lp.9(x,/i) + 2"-'+^ and 

i=j 

oo 

I \gj\\LP'i{X,fj.) < I \gj\\LP'<i{X,ij,) + X] I \9i+l ~ gi\\LP''!{X,n) < I l^jl |LP.9(x,/i) + 2 

i=j 

which implies that Wj,gj G L'P''^{X, ii). Thus Wj G A{E) with p, g-weak upper gradient 
gj. We notice that Q < g — infj>i gj /*- almost everywhere on X and Q <u — inf j>i Wj 
/f- almost everywhere on X. Since wi and gi are in L^''^{X, fi), the absolute continuity 
of the p, g-norm (see Bennett- Sharpley [1, Proposition 1.3.6] and the discussion after 
Definition 2.1) yields 

(17) lim \ \wj - = and lim \\gj - g\\LP.i(x,^,) = 0. 
By using (15), (17), and Corollary 2.8 we see that 

Cap,,,(£;)^/^ < ^hm = + IMU^x,,) < L'^' + e- 
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By letting £ — > 0, we get the converse inequality so (ii) is proved, 
(iii) We can assume without loss of generahty that 



1=1 



For i — 1,2, . . . let G A{Ei) with upper gradient gi such that 

< tz, < 1 and \\ui\\%,,,,„ < Cap^,^{E,y/P + e2-\ 

Let u := {T.Zi^lf'^ and g := (E^i^»^)^^^- We notice that m > 1 on By repeating 
the argument from the proof of Theorem 3.2 (iii), we see that u,g & LP''^{X,ii) and 



oo 

i=l 1=1 

We are done with the case 1 < g < p as soon as we show that u G A{E) and that g is a. 
p, g-weak upper gradient for u. It follows easily via Corollary 3.14 and finite induction 
that g is a, p, g-weak upper gradient for Un ■= (I]i<i<nMi)^^^ for every n > 1. Since 
u{x) — \imi^^Ui{x) < oo on X \ F, where F = {x G X : u{x) — oo} it follows from 
Lemma 3.10 combined with the fact that u G L^''^{X,fi) that g is in fact a p, g-weak 
upper gradient for u. This finishes the proof for the case 1 < q < p. 

(iv) We can assume without loss of generality that 

oo 

ECaPp,,(Fi) < oo. 

i=l 

For i — 1,2, . . . let G A{Ei) with upper gradients gi such that 

<Ui<l and ||iij||^i,iP.9 < CaiPpg(Ei) + 82"'. 

Let u : — supj>2^ lij and g : — supj>2^ gij. We notice that u — 1 on E. Moreover, via 
Proposition 2.6 it follows that u,ge i7'*(X, //) with 



\u\ 



\lp-'i{X,h} + \ \9\\lp,'!(X,ij,) - {\\'^i\\LP,i{X,n) + I Ift I lLP.9(X,/i)) < 2£ + ^Ca.Ppq{Ei). 



i=l 



We are done with the case p < g < oo as soon as we show that u G A{E) and that 
g is a p, g-weak upper gradient for u. Via Lemma 3.15 and finite induction, it follows 
that g is a p, g-weak upper gradient for m„ := maxi<j<„'Uj for every n > 1. Since 
u{x) = linii^oo Ui{x) pointwise on X, it follows via Lemma 3.10 that g is in fact a 
p, g-weak upper gradient for u. This finishes the proof for the case p < g < oo. 

□ 

Remark 5.3. We make a few remarks. 

(i) Suppose fi is nonatomic and 1 < g < oo. By mimicking the proof of Theorem 5.2 
(ii) and working with the (p, g)-norm and the (p, g)-capacity, we can also show that 

.limCap(p,,)(£;,) = Cap(^,,)(£;) 

whenever Ei G E2 G . . . G E = U^=i Ei C X. 

(ii) Moreover, if Cap^ ^ is an outer capacity then it follows immediately that 

lim Cap (Kj) = Cap (ir) 
I— ^00 ^'^ '^'^ 
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whenever (Ki)"^^ is a decreasing sequence of compact sets whose intersection set is K. 
We say that Cap^ ^ is an outer capacity if for every E <Z X we have 

Cap^,,(£;) = inf{Cap,,,(C/) :EgUgX,U open}. 

(iii) Any outer capacity satisfying properties (i) and (ii) of Theorem 5.2 is called a 
Choquet capacity. (See Appendix II in Doob [9].) 

Wc recall that ii A (Z X, then Fa is the family of curves in Ficct that intersect A and 
r\ is the family of all curves in Frect such that the Hausdorff one-dimensional measure 
?/i(|7| n A) is positive. The following lemma will be useful later in this paper. 

Lemma 5.4. If F C X is such that Capp g(F) = 0, then Modp,q(ri?) = 0. 

Proof. We follow Shanmugalingam [27]. We can assume without loss of generality 
that q ^ p. Since Capp g(F) = 0, for each positive integer i there exists a function 
Vi e A{F) such that < f j < 1 and such that | |^i^^(p,q) < 2~\ Let Un '■= SiLi'^i- 
Then Un € N^'^^^'''\X, n) for each n, Un{x) is increasing for each x E X, and for every 
m > n we have 

n 

\\un-Um\\j^i,L(p,i) < J2 I l^^i 1 1 jvi,i(p,9) < 2"" 0, as rrn- oo. 

i=m+l 

Therefore the sequence {un}^=i is a Cauchy sequence in N^'^''^'''\x, n). 

Since {un}n=i Cauchy in N^'^^'''''\x, pi), it follows that it is Cauchy in U'^i{X,ix). 
Hence by passing to a subsequence if necessary, there is a function u in L^'^(X, yu) to 
which the subsequence converges both pointwise yU-almost everywhere and in the L^P''i^ 
norm. By choosing a further subsequence, again denoted by {ui}°^i for simplicity, we 
can assume that 

Ik? ~ ^\LiP:1){X,^l) + \\gi,i+A\L<.P''i){X,ii) < 2 

where gi^j is an upper gradient of Ui — Uj for i < j. If gi is an upper gradient of Ui, 
then U2 — Ui + {u2 — Ui) has an upper gradient g2 — gi + gi2- In general, 

i-l 
k=l 

has an upper gradient 

i-l 

gi—9l + ^ 9k,k+l 
k=l 

for every i >2. For j < i we have 

i-l i-l 

\\9i - 9j\\LM{x,ix) < J2\\9k,k+i\\LM(x,,,) < '^'^'^ ^ 2^-^^ as j ^ oo. 

k=j k=j 

Therefore {gi}°Zi is also a Cauchy sequence in L^P'i\X,fi), and hence converges m 
the L^'i^ norm to a nonnegativc Borel function g. Moreover, we have 

\\9j - 9\\l(p.i){x,k.) < 2^"^-' 

for every j > 1. 

We define u by u{x) = limi^^Ui{x). Since Ui ^ u /^-almost everywhere, it follows 
that u — u /x-almost everywhere and thus u e //). Let 

E — {x & X : lim Ui{x) — oo}. 

i-^oo 
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The function u is well defined outside of E. In order for the function u to be in the 
space N^'^'''''{X, fi), the function u has to be defined on almost all paths by Proposition 
4.4. To this end it is shown that the p, g- modulus of the family is zero. Let Fi be 
the collection of all paths from Frect such that J^g — oo. Then we have via Theorem 
3.4 that Modp,g(Fi) = since g e U''i{X,fj,). 

Let F2 be the family of all curves from Frect such that limsupj_^oo \9j~9\ > 0. Since 
\\gj — g\\LP,q{X, n) < 2^"^-' for all j > 1, it follows via Theorem 3.6 that Modp,g(F2) = 0. 

Since u e U'''^{X,iJ,) and E = {x E X : u{x) = 00}, it follows that n{E) = and 
thus Modp+ = 0. Therefore Modp,g(Fi U F2 U F^) = 0. For any path 7 in the family 

Trect \ (ri U F2 U Fg), by the fact that 7 is not in F^, there exists a point in I7I \ E. 
For any point x in 7, since gi is an upper gradient of Ui, it follow that 



Ui{x) - Ui{y) < \ui{x) - Ui{y)\ < / g^. 

Therefore 

Ui{x) < Ui{y) + gi. 

Taking limits on both sides and using the fact that 7 is not in Fi U F2, it follows that 
lim Ui(x) < lim Ui(y) + g ^ u{y) + g < 00, 

and therefore x is not in E. Thus Fg C Fi U F2 U F;^ and Modp^q{rE) = 0. Therefore 
g is a p, g-weak upper gradient of u, and hence u e N^'^^'''{X, /i). For each x not in E 
we can write u{x) — limj_^oo < 00. li F\E is nonempty, then 

n 

u\f\E > Un\F\E = = 
i=l 

for arbitrarily large n, yielding that u\f\e = 00. But this impossible, since x is not in 
the set E. Therefore F G E, and hence F^ C F^. This finishes the proof of the lemma. 

□ 

Next we prove that {N^'^''''' {X, 11), \ \ ■ 1 1 »,i.l(p.<j) ) is a Banach space. 



Theorem 5.5. Suppose 1 < p < 00 and 1 < g < 00. Then {N ' ' {X,iJ,), \ \ ■ ||jyi,i(p,9)) 
is a Banach space. 

Proof. We follow Shanmugalingam [27]. We can assume without loss of generality that 
q 7^ p. Let {ui}°Z^ be a Cauchy sequence in N^'^^''' {X, n). To show that this sequence 
is convergent in N^'^^''^ {X , ji) , it suffices to show that some subsequence is convergent 
in N^'^^'" {X, n). Passing to a further subsequence if necessary, it can be assumed that 

— 1*i||L(j'.9)(X,/i) + \ \9i,i+l\\L(P'i){X,ti) < 2 

where gij is an upper gradient of Ui — Uj for i < j. Let 

Ej ^ {x e X : \uj+i{x) - Uj{x)\ > 2~^}. 
Then 2^Uj+i — Uj\ e A{Ej) and hence 

Ccipp^g{E^y/P < 2^'||m,-+i - u,\\j^i,LP,. < 2-^. 
Let Fj = U^jEfc. Then 

00 

c^PpA^jY^' < Ecap,,,(£;fe)^/^ < 2'-^. 

k=j 
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Let F = (y^L^Fj. We notice that Capp ,j(F) =0. If a; is a point in X \ F, there exists 
J > 1 such that X is not in Fj = [J'^^-E^. Hence for all k > j, x is not in E^. Thus 
\uk+i{x) — Uk{x)\ < for all k > j. Therefore whenever I > k > j we have that 

\uk{x) - ui{x)\ < 2'-K 

Thus the sequence {ufc(x)}^^ is Cauchy for every x & X\F. For every x & X \ F, let 
u{x) — limj_^oo tij(x). For k < m, 

m—l 
n=k 

Therefore for each x in X \ F, 

oo 

(18) U{x) = Uk{x) + J2iUn+l{x) - Unix)). 

n=k 

Noting by Lemma 5.4 that Modp^q{rp) = and that for each path 7 in Frect \ 
equation (18) holds pointwise on I7I, we conclude that Yl'^=k 9n,n+i is ap, g-weak upper 
gradient of u — Uk- Therefore 

00 

W"^ ~ '^k\\j^i,L(P'i) < 11"" ~ '"fc||L(p.9)(X,/i) + X! ll5'n,n+l||L(p.9)(X,/i) 

n=k 
00 

< ||m - Mfc||L(p.9)(X,M) + X! 

n=k 

< \\u — Uk\\L(p,q)(^x,n) ~'~ 2^~^*^ ^ as A; ^ 00. 

Therefore the subsequence converges in the norm of N^'^^'^X, li) to u. This completes 
the proof of the theorem. 

□ 



6. Density of Lipschitz functions in N^'^^'''{X, /j,) 

6.1. Poincaire inequality. Now we define the weak (1, LP''^)-Pomcare meg?xaZ%. Pod- 
brdsky in [26] introduced a stronger Poincare inequality in the case of Banach-valued 
Newtonian Lorentz spaces. 

Definition 6.1. The space (X, d, /x) is said to support a weak {1, U'''^)-Poincare in- 
equality if there exist constants C > and cr > 1 such that for all balls B with radius 
r, all yU-measurable functions u on X and all upper gradients gf of ti we have 

(19) ^ X'^ - ^ ^-;;(^II^x.bIU..(x,.). 

Here 

''^^^)Ib''^^^'^^^^^ 
whenever u is a locally //-integrable function on X. 

In the above definition we can equivalently assume via Lemma 3.9 and Corollary 
2.8 that is a p, g-weak upper gradient of u. When p = q we have the weak {l,p)- 
Poincare inequality. For more about the Poincare inequality in the case p — q see 
Hajlasz-Koskela [14] and Heinonen-Koskela [17]. 
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A measure /i is said to be doubling if there exists a constant C > 1 such that 

li(2B) < Cii{B) 

for every ball B — B{x,r) in X. A metric measure space {X,d,fj.) is called doubling if 
the measure // is doubling. Under the assumption that the measure /i is doubling, it 
is known that (X, d, ji) is proper (that is, closed bounded subsets of X are compact) if 
and only if it is complete. 

Now we prove that if 1 < 5 < p, the measure n is doubUng, and the space 
{X,d,ii) carries a weak (1, i7''^)-Poincare inequality, the Lipschitz functions are dense 
in A^i'^""(X/x). 

In order to prove this we need a few definitions and lemmas. 

Definition 6.2. Suppose (X, d) is a metric space that carries a doubling measure /x. 
For 1 < p < 00 and 1 < g < 00 we define the noncentered maximal function operator 

by 

M,,,u[x) -sup ^^^^^/^ , 

where u e U'^'i{X,ix). 

Lemma 6.3. Suppose (X, d) is a metric space that carries a doubling measure 11. If 
i Q P, then Mp^g maps U''^{X,ijl) to U''°°{X,ij) boundedly and moreover, 

lim XPii({x e X : Mp^qu{x) > A}) = 0. 

A— >-oo ' 

Proof. We can assume without loss of generality that 1 < q < p. For every > let 
be the restricted maximal function operator defined on LP''^{X,ij,) by 

M>W= sup I l-Xfl 



B3X, diam(B)<ii 



i/p 



Denote G^^ {x e X : Mp^gu{x) > X} and ^ {x e X : M^gU{x) > A}. It is easy 
to see that G^^ C Cf^ if < i?i < i?2 < 00 and Ga as i? 00. 

Fix R > 0. For every x G Gf, A > 0, there exists a ball B{yx,rx) with diameter at 
most R such that x G B^y^jr^) and such that 

\\uXB{y^,r^)\\LP,'i{X,ix) 

> X^fi{B{y,,r,)). 

We notice that B{y.j:,rx) C G^. The set is covered by such balls and by Theo- 
rem 1.2 in Heinonen [15] it follows that there exists a countable disjoint subcoUection 
{B{xi,ri)}°Z^ such that the collection {B{xi,5ri)}°Zi covers G^. Hence 

00 / 00 \ 

MO < T.l^iB{xi,5ri))<G[Y.fi{B{x,,n))] 

1=1 \i=l ) 

C / °° \ G 

- )^ \J2\\'^XB{xi,ri)\\LP,<l(X,^,) j ^ -^\\'^Xg^\\lP'1(X,h)- 

The last inequality in the sequence was obtained by applying Proposition 2.4. (See 
also Chung-Hunt-Kurtz [5, Lemma 2.5].) 
Thus 

G G 
li{G^) < ^I|wXg«IIlp,.(x,,.) < ■^\WXGA\lp,,(x,f,) 
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for every R> 0. Since Gx — Ur>o G'f , we obtain (by taking the limit as R ^ oo) 

C 

^i{Gx) < ^||«XGjlip.,(x,M)- 

The absolute continuity of the p, g-norm (see the discussion after Definition 2.1), the 
p, g-integrability of u and the fact that Gx ^ % /^-almost everywhere as A ^ oo yield 
the desired conclusion. 

□ 

Question 6.4. Is Lemma 6.3 true when p < q < oo 7 

The following proposition is necessary in the sequel. 

Proposition 6.5. Suppose 1 < p < oo and 1 < q < oo. If u is a nonnegative function 
in N^'^^''' {X, n), then the sequence of functions = Tam{u,k), A; € N, converges in 
the norm of N^'^''''' {X, fi) to u as k oo. 

Proof. We notice (see Lemma 3.16) that G L^''^{X,fi). That lemma also yields easily 
Uk e N^'^''''' {X , n) and moreover | Im/cI Iati.-lp.? < | |m| livi-iP'' ioi all k > 1. 

Let Ek — {x & X : u{x) > k}. Since /i is a Borel regular measure, there exists an 
open set Ok such that C Ok and ti{Ok) < fJ^{Ek) + 2~^. In fact the sequence {Ok)'kLi 
can be chosen such that Ok+i C Ok for all k > 1. Since fJ,{Ek) < ^'^^f^ \ \u\ |j,p,g(x ix)i 
follows that 

Thus limfc^oo fJ'{Ok) — 0. We notice that u — Uk on X \ Ok. Thus 2gxOk is a p, g-weak 
upper gradient of u — Uk whenever g is an upper gradient for u and Uk. See Lemma 
4.6. The fact that Ok ^ /^-almost everywhere and the absolute continuity of the 
{p, g)-norm yield 

limsup ||m - Uk\\^,,L(p.<i) < 21imsup (| |mXoJ |l(p.«)(x,m) + I I^Xo^l = 0- 

□ 



Counterexample 6.6. For q — oo Proposition 6.5 is not true. Indeed, let n > 2 be 
an integer and let 1 < p < n be fixed. Let X — B{0,1)\ {0} C IR", endowed with the 
Euclidean metric and the Lebesgue measure. 

Suppose first that 1 < p < n. Let Up and gp be defined on X by 



Up{x) — \x\^ p —1 and gp{x) = — ij \x\ p. 

It is easy to see that Up,gp G L^'°°(X, m„). Moreover, (see for instance Hajlasz [13, 
Proposition 6.4]) gp is the minimal upper gradient for Up. Thus Up G N^'^'''°° {X,mn)- 
For every integer k > 1 we define Up^k and gp^k on X by 



Up,k{x) 

and 



k if < < (A; + l)p-", 

I I 1— — / \ P 

\x\ p — 1 if [k + l)p-^ < < 1 



x\ p if < < (A; + 1)?-™ 
if {k + 1)^ < \x\ < 1. 

25 




We notice that Up_k G iV^'^'''°°(X, m„) for all k > 1. Moreover, via [13, Proposition 
6.4] and Lemma 4.6 we see that Qp^k is the minimal upper gradient for Up — Up^k for 
every k > I. Since Qp^k \ on X as /c ^- oo and \\gp,k\\LV'°°{x,mr.) = \\9p\\LP.°-{x,m^) = 
C{n,p) > for all /c > 1, it follows that Up^k does not converge to Up in N^'^^''^{X, rrin) 
as A; — >■ oo. 

Suppose now that p — n. Let Un and gn be defined on X by 

1 1 
Un{x) = In — 7 and gn{x) = -—. 

\x\ \x\ 

It is easy to see that UmQn e IJ''°°{X,mn)- Moreover, (see for instance Hajlasz [13, 
Proposition 6.4]) (?„ is the minimal upper gradient for Thus w„ e N^'^"^'"^ {X , rrin) ■ 
For every integer A; > 1 we define Un,k and gn,k on X by 

j k if < |x| < e"'', 
Un,k{^) = Wn^ if e-*^ < b| < 1 



and 

gn,k{^) 



1^ if < < e"'' 
if e-*^ < Ixl < 1. 



We notice that Un,k £ -/V"^'^"'°°(X, m„) for all A; > 1. Moreover, via [13, Proposition 
6.4] and Lemma 4.6 we see that gn,k is the minimal upper gradient for Un — Un,k for 
every A; > 1. Since gn,k \ on X as A; oo and | |5'n,fc| |Lp.°°(x,m„) = | Ifi'nl |L".-'(x,m„) = 
C(n) > for all A; > 1, it follows that Un,k does not converge to Un in A^^'^"'°° (X, m„) 
as A; — > oo. 

The following lemma will be used in the paper. 

Lemma 6.7. Let fi G N^'^''''' {X , /j) be a bounded Borel function with p,q-weak upper 
gradient gi G LP''^{X,fi) and let /2 be a bounded Borel function with p,q-weak upper 
gradient g2 G LP''i{X,fi). Then /a := /1/2 G N^'^'''" {X, n) and g^ := |/i|5f2 + |/2|5'i is a 
p, q-weak upper gradient of f^. 

Proof. It is easy to see that f^ and 5^3 are in LP''^{X, /j,). Let Tq C Frect be the family of 
curves on which J^{gi +^'2) = 00. Then it follows via Theorem 3.4 that Modp^g(Fo) = 
because gi+ g2 ^ fx). 

Let Fi_j C Frect, i = 1, 2 be the family of curves for which 

1/^(7(0)) -/.(7(%))) I < ^g^ 

is not satisfied. Then Modpi ^ = 0, i = 1, 2. Let Fi C Frect be the family of curves that 

have a subcurve in Fi^i U Fi^2- Then -F(Fi_i U Fi_2) C FiTi) and thus Modp,5(Fi) < 
Modp,q(Fi^i U Fi^2) = 0. We notice immediately that Modp^g(Fo U Fi) = 0. 

Fix e > 0. By using the argument from Lemma 1.7 in Cheeger [4], we see that 

1/3(7(0)) - /3(7W7)))I < r\\fi{l{s))\+s)gMs)) + (\f,(^(s))\+s)gMs)) ds 



for every curve 7 in Frect \ (ro U Fi). Letting £ ^ we obtain the desired claim. 

□ 
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Fix xq e X. For each integer j > 1 we consider the function 



r)j{x) 



1 if d{xo,x) < j - I, 

j - d{xo, x) if j - 1 < d{xo, x) < j, 
if d{xo, x) > j. 



Lemma 6.8. Suppose 1 < q < oo. Let u be a bounded function in N^'^^''' {X, ii). Then 
the function Vj — urjj is also in N^'^"''' {X , /i) . Furthermore, the sequence Vj converges 
to u in N^'^'''''{X,n). 

Proof We can assume without loss of generahty that u > 0. Let g G LP''^{X,fj,) be an 
upper gradient for u. It is easy to see by invoking Lemma 4.6 that hj :— Xb(xo j)\B{xo j-i) 
is a p, g-weak upper gradient for rjj and for 1 — rjj. By using Lemma 6.7, we see that 



V 



G N^' {X, jj,) and that gj := uhj + grjj is a p, g-weak upper gradient for Vj. By 
using Lemma 6.7 we notice that hj := uhj + g{l — r]j) is a p, g-weak upper gradient for 
u — Vj. We have in fact 

(20) 0<u-Vj < uxx\B{xo,j-i) and hj <{u + g)xx\B{xo,j-i)- 

for every j > 1. The absolute continuity of the (p, g)-norm when 1 < g < oo (see the 
discussion after Definition 2.1) together with the p, g-integrabihty of u, g and (20) yield 
the desired claim. 

□ 



Now we prove the density of the Lipschitz functions in N^'^''''' {X, /i) when 1 < g < p. 
The case q — p was proved by Shanmugalingam. (See [27] and [28].) 

Theorem 6.9. Let 1 < q < p < oo. Suppose that (X, d, fi) is a doubling metric measure 
space that carries a weak (1, U'''^)-Poincare inequality. Then the Lipschitz functions are 
dense in N^^^''^\X , . 

Proof. We can consider only the case 1 < g < p because the case q = p was proved 
by Shanmugalingam in [27] and [28]. We can assume without loss of generality that 
u is nonnegativc. Moreover, via Lemmas 6.5 and 6.7 we can assume without loss of 
generality that u is bounded and has compact support in X. Choose M > such that 
< u < M on X. Let g G L^''^(X, fi) be a p, g-weak upper gradient for u. Let cr > 1 be 
the constant from the weak (1, LP'^)-Poincare inequahty. 

Let Gx ■— {x E X : Mp^qg{x) > A}. If x is a point in the closed set X \ G\, then for 
all r > one has that 

,J I \u- UB^xd dl^ < Cr^^^^^*^ < CrM,,,g{x) < CXr. 
li[B[x,r)) JB{x,r) ii{B{x,ar))^'P 

Hence for s G [r/2,r] one has that 

\ub{x,s) - UB{x,r)\ < 
< 



/ \u - UB{x,r)\ dpi' < C Xr 

J Bix.T) 



fi{B(x,s)) 
li{B{x,r)) 1 
ji{B{x,s)) id{B{x,r)) 
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whenever x is in X \ G^- For a fixed s e (0, r/2) there exists an integer A; > 1 such 
that 2-'=r < 2s < 2-'=+V. Then 

\ub(x,s) — UB{x,r)\ < Wb(x,s) " UB(x,2-kr) \ + 

fe-1 / fc \ 

+ \'<J'B{x,2-i-^r) - UB{x,2-iv) \<C\\Y^ 2"V < CXr. 

i=0 \i=0 / 

For any sequence \ we notice that {uB{x,ri))'iLi is a Cauchy sequence for every 
point X m. X\G\. Thus on X\G\ we can define the function 

Ux{x) := \im UB(x,r)- 



We notice that u\{x) = u{x) for every Lcbcsguc point x \n X \ Gx. 

For every x,y m X \ Gx wc consider the chain of balls {-Bj}^_oo' where 

Bi = B{x,2^+'d{x,y)),i < and Bi = B{y,2^-'d{x,y)),i > 0. 

For every two such points x and y we have that they are Lebesgue points for ux by 
construction and hence 

oo 

\ux(x) -ux(y)\ < Yl I'^Bi -UBi+A < GXd(x,y), 

i=—oo 

where G depends only on the data on X. Thus ux is CA-Lipschitz on X \ Gx- By 
construction it follows that < ux < M on X \ Gx- Extend ux as a CA-Lipschitz 
function on X (see McShane [25]) and denote the extension by vx- Then vx > on X 
since ux > on X \Gx- Let wx ■— nnn{vx, M). We notice that wx is a nonnegative 
CA-Lipschitz function on X since vx is. Moreover, wx — vx — uxonX\ Gx whenever 
A > M. 

Since u = wx /x-almost everywhere on X \ Gx whenever A > M we have 



\u - wx\\LP•1{x,^^) = \ \{u - wx)xGA\LP,i{x,fi) < \\uxgx\\lp.i{x,h) + Cip, q)Xii{Gx, 



whenever X > M. The absolute continuity of the p, g-norm when 1 < q < p together 
with Lemma 6.3 imply that 

lim \\u-wx\\lp'1{x,i^) = 0. 

Since u — wx — ^ //-almost everywhere on the closed set Gx, it follows via Lemma 
4.6 that (CA -|- g)xGx ^ Pi ?-weak upper gradient for u — wx- By using the absolute 
continuity of the p, g-norm when 1 < q<p together with Lemma 6.3, we see that 

lim ||(CA + ^)xgJU^'.«(x,m) = 0. 

A— >oo 

This finishes the proof of the theorem. 

□ 

Theorem 6.9 yields the following result. 

Proposition 6.10. Let 1 < q < p < oo. Suppose that {X,d,iJ,) satisfies the hypotheses 
of Theorem 6.9. Then Cap^ g is an outer capacity. 

In order to prove Proposition 6.10 we need to state and prove the following propo- 
sition, thus generalizing Proposition 1.4 from Bjorn-Bjorn-Shanmugalingam [3]. 
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Proposition 6.11. (See [3, Proposition 1.4]^ Let 1 < p < oo and 1 < q < oo. Suppose 
that (X, d, /i) is a proper metric measure space. Let E G X be such that Cappg{E) — 0. 
Then for every e > there exists an open set U D E with Cap^ q(?7) < e. 

Proof. We adjust the proof of Proposition 1.4 in Bjorn-Bjorn-Slianmugalingam [3] to 
the Lorentz setting with some modifications. It is enough to consider the case when 
q ^ p. Due to the countable subadditivity of Capp g(-)^/^ we can assume without loss 
of generality that E is bounded. Moreover, we can also assume that E is Borel. 
Since Capp^g(i?) = 0, we have xe G N^''"^''' {X, jj) and | |Ari.i'f''« = 0. Let e G (0,1) 
be arbitrary. Via Lemma 3.9 and Corollary 2.8, there exists g G LP''^{X,fi) such 
that g is an upper gradient for xe and | Isfl |LP.9(x,/i) < £■ By adapting the proof of 
the Vitali-Caratheodory theorem to the Lorentz setting (see FoUand [10, Proposition 
7.14]) we can find a lower semi continuous function p G L^'^[X,ix) such that p > g 
and Hp — g\\LV'i{x,pL) < Since Cappq(-E) = 0, it follows immediately that p{E) = 0. 
By using the outer regularity of the measure p and the absolute continuity of the 
(p, g)-norm, there exists a bounded open set V D E such that 

s 

\\Xv\\lP'<!{X,iu) + ||(P+ i)Xv\\LP>i{X,ix) < 2" 

Let 

it(x) = min |l, inf J{p + 1)^, 

where the infimum is taken over all the rectifiable (including constant) curves connect- 
ing X to the closed set X \V. We notice immediately that < m < 1 on X and u — 
on X \V. By Bjorn-Bjorn-Shanmugalingam [3, Lemma 3.3] it follows that u is lower 

semicontinuous on X and thus the set f/ = {a; G X : ^(a;) > |} is open. We notice 
that ioY X & E and every curve connecting x to some y G X \ V, we have 

/(p + i)> / p>XE(x)-XE(y)^-i-. 

Thus u = 1 on E and E G U G V. From [3, Lemmas 3.1 and 3.2] it follows that 
(p + l)xv is an upper gradient of u. Since < u < xv and u is lower semicontinuous, 
it follows that u G N^'^^'^X, p). Moreover, 2u G A{U) and thus 

Capp,^(C/)VP < 2\\u\\^,,LP. < 2{\\u\\LP.ix,^c) + \\{p+ 1)xv\\lp.^{x,i.)) 
< '2{\\xv\\lp,o{x,h) + \\{p + l)xv\\Lp,o{x,^,)) <e. 
This finishes the proof of Proposition 6.11. 

□ 

Now we prove Proposition 6.10. 

Proof. We start the proof of Proposition 6.10 by showing that every function u in 
N^'^^'"' {X, p) is continuous outside open sets of arbitrarily small p, g-capacity. (Such 
a function is called p, g-quasicontinuous.) Indeed, let m be a function in N^'^"''' {X , p) . 
From Theorem 6.9 there exists a sequence {uj}'j?^i of Lipschitz functions on X such 
that 

ll^j — uWj^i.lp.i < 2~'^^ for every integer j > 1. 
For every integer j >1 let 

Ej = {xGX: \uj+i{x) - uj{x)\ > 2-^}. 
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Then all the sets Ej are open because the all functions uj are Lipschitz. By letting 
F = (I'^iU'^^jEk and applying the argument from Theorem 5.5 to the sequence {u^}'^^^ 
which is Cauchy in N^'^^''' {X , fi) , we see that Cappg(F) = and the sequence {uk} 
converges in N^'^^''' (X, n) to a function u whose restriction on X \ F is continuous. 
Thus \\u — 'u||^i,LP.9 = and hence if we let E = {x G X : u{x) ^ u{x)}, we have 
CeiPp q{E) = 0. Therefore Capj,^^(£' U F) = and hence, via Proposition 6.11 we have 
that u = u outside open supersets oi E \J F oi arbitrarily small p, g-capacity. This 
shows that u is quasicontinuous. 

Now we fix £^ C X and we show that 

Capp ,j(-E) = inf{Capp^g(f/), -E C U C X, U open}. 

For a fixed e e (0, 1) we choose u G A{E) such that < m < 1 on X and such that 

\\u\\NhLP.i < CaiPp^g{Ey/P + e. 

We have that u is p, g-quasicontinuous and hence there is an open set V such that 
Capp ^(yY^P < € and such that u\x\v is continuous. Thus there exists an open set U 
such that U\V = {x e X : u{x) > 1-£}\V D E\V. We see that UUV = {U\V)UV 
is an open set containing E U V — {E \V) Li V. Therefore 

Cap,,,(E)^/^ < Cap,,,(f/ U Vy/^ < Cap,,,([/ \ V)'/^ + Cap,,,(V)^/^ 

< ^||«|Ui.-- + Cap,,,(l-)Vf 

< _l_(Capp^^(i^)V^ + 5) + £. 
Letting £ ^ finishes the proof of Proposition 6.10. 

□ 

Theorems 5.2 and 6.9 together with Proposition 6.10 and Remark 5.3 yield immedi- 
ately the following capacitability result. (See also Appendix II in Doob [9].) 

Theorem 6.12. Let 1 < q < p < oo. Suppose that {X,d,ij) satisfies the hypotheses of 
Theorem 6.9. The set function E Capp q(£^) is a Choquet capacity. In particular, 
all Borel subsets (in fact, all analytic subsets) E of X are capacitable, that is 

Cappg(£') = supjCapp ,j(i^r) : K G E, K compact} 

whenever E G X is Borel (or analytic). 

Remark 6.13. Counterexample 6.6 gives also a counterexample to the density result 
for N^'^'''°° in the Euclidean setting for 1 < p < n and q = oo. 
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